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CLASSIFYING COMPLEMENTS FOR CONFORMAL ALGEBRAS
YANYONG HONG
Abstract. Let R ⊆ E be two Lie conformal algebras and Q be a given complement of R in
E. Classifying complements problem asks for describing and classifying all complements of R
in E up to an isomorphism. It is known that E is isomorphic to a bicrossed product of R and
Q. We show that any complement of R in E is isomorphic to a deformation of Q associated to
the bicrossed product. A classifying object is constructed to parameterize all R-complements of
E. Several explicit examples are provided. Similarly, we also develop a classifying complements
theory of associative conformal algebras.
1. Introduction
The notion of a Lie conformal algebra was introduced in [14, 15] providing an axiomatic
description of properties of the operator product expansion in conformal field theory. There
are many other fields closely related to Lie conformal algebras such as vertex algebras, infinite-
dimensional Lie algebras satisfying the locality property ([16]) and Hamiltonian formalism in the
theory of nonlinear evolution equations (see [4]). In particular, associative conformal algebras
naturally appear in the representation theory of Lie conformal algebras. Structure theory and
representation theory of Lie conformal algebras and associative conformal algebras have been
studied in a series of papers (see [5]-[8], [17]-[18], [20]-[21] and so on). In particular, the C[∂]-split
extending structure problems of Lie conformal algebras and associative conformal algebras were
investigated in [12] and [10] respectively. The tool for studying C[∂]-split extending structure
problem is unified product, which includes crossed product, bicrossed product and so on. Note
that bicrossed product is related to the C[∂]-split factorization problem, which asks for the
description and classification of all Lie (or associative) conformal algebraic structures on the
direct sum E = R ⊕ Q of C[∂]-modules, where R and Q are two given Lie (or associative)
conformal algebras.
In this paper, following the works in [12] and [10], we plan to study the following structure
problem of Lie conformal algebras and associative conformal algebras:
Classifying complements problem: Let R ⊆ E be two Lie (or associative) conformal
algebras. If there exists an R-complement Q of E, describe and classify up to an isomorphism
all R-complements of E, i.e. all subalgebras T of E, such that E = R⊕ T as C[∂]-modules.
From the point of view of algebra, this problem is natural and significant. Similar problems
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for classical algebraic objects such as associative algebras, Hopf algebras, Lie algebras, Leibniz
algebras and left-symmetric algebras have been investigated in [1, 2, 3, 10]. According to the
theory of bicrossed product developed in [12] and [10], it is easy to see that E in the classifying
complements problem is just a bicrossed product of R and Q associated to a matched pair.
Therefore, we can use bicrossed product theories to study classifying complements problems of
Lie conformal algebras and associative conformal algebras. It is shown that any complement T
of R in E is isomorphic to a deformation of Q associated to the matched pair of the bicrossed
product of R and Q. Then a cohomological type object is constructed to parameterize all R-
complements of E. Several explicit examples are also provided. In particular, in the case of Lie
conformal algebras, it is shown that there exists finite Lie conformal algebras R ⊆ E such that
the number of isomorphism classes of complements of R in E is infinite. In addition, it should
be pointed out that the method in this paper can be applied to other conformal algebras with
a theory of bicrossed product such as left-symmetric conformal algebras and Leibniz conformal
algebras.
This article is organized as follows. In Section 2, we introduce some basic definitions of
Lie conformal algebras, associative conformal algebras and complements. In Section 3, using
bicrossed product construction, classifying complements problem of Lie conformal algebras is
answered by a new cohomological type object which is associated to deformations of Q related
with the matched pair of bicrossed product of R and Q. Several explicit examples are also
provided. Section 4 is devoted to developing classifying complements theory of associative
conformal algebras with a similar method in Section 3.
Throughout this paper, denote by C the field of complex numbers. All tensors over C are
denoted by ⊗. Moreover, if A is a vector space, the space of polynomials of λ with coefficients
in A is denoted by A[λ].
2. Preliminaries on conformal algebras and complements
In this section, we recall some basic definitions of Lie conformal algebras, associative conformal
algebras and complements.
Definition 2.1. A conformal algebra R is a C[∂]-module endowed with a C-bilinear map
R×R→ R[λ] denoted by a× b→ aλb satisfying
∂aλb = −λaλb, aλ∂b = (∂ + λ)aλb. (1)
A Lie conformal algebra R is a conformal algebra with the C-bilinear map [·λ·] : R×R→
R[λ] satisfying
[aλb] = −[b−λ−∂a], (skew-symmetry)
[aλ[bµc]] = [[aλb]λ+µc] + [bµ[aλc]], (Jacobi identity)
for a, b, c ∈ R.
An associative conformal algebra R is a conformal algebra with the C-bilinear map ·λ· :
R×R→ R[λ] satisfying
(aλb)λ+µc = aλ(bµc), (2)
for a, b, c ∈ R.
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A conformal algebra is called finite if it is finitely generated as a C[∂]-module. The rank of
a conformal algebra R is its rank as a C[∂]-module.
Example 2.2. The Virasoro Lie conformal algebra Vir is the simplest nontrivial example of
Lie conformal algebras of rank one. It is defined by
Vir = C[∂]L, [LλL] = (∂ + 2λ)L.
Example 2.3. Let g be a Lie (or associative) algebra. The current Lie (or associative) conformal
algebra associated to g is defined by:
Curg = C[∂]⊗ g, [aλb] = [a, b](or aλb = ab), a, b ∈ g.
Next, we introduce the definition of complement of conformal algebras.
Definition 2.4. Let R ⊆ E be two conformal algebras. Another subalgebra Q of E is called an
R-complement of E, if E = R⊕Q as C[∂]-modules.
Definition 2.5. Let R ⊆ E be two conformal algebras. Denote by F(R,E) the isomorphism
classes of R-complements of E. Define the factorization index of R in E as [E : R] :=| F(R,E) |.
Therefore, in the sequel, for investigating classifying complements problems, we only need to
describe and compute F(R,E).
3. Classifying complements for Lie conformal algebras
In this section, we investigate classifying complements problem for Lie conformal algebras.
First, we introduce some definitions associated to classifying complements problem for Lie
conformal algebras.
Definition 3.1. A left module M over a Lie conformal algebra R is a C[∂]-module endowed
with a C-bilinear map R ×M −→ M [λ], (a, v) 7→ aλv, satisfying the following axioms (a, b ∈
R, v ∈M):
(LM1) (∂a)λv = −λaλv, aλ(∂v) = (∂ + λ)aλv,
(LM2) [aλb]λ+µv = aλ(bµv)− bµ(aλv).
Similarly, we can define right R-module.
Definition 3.2. A right module M over a Lie conformal algebra R is a C[∂]-module endowed
with a C-bilinear map M × R −→ M [λ], (v, a) 7→ vλa, satisfying the following axioms (a, b ∈
R, v ∈M):
(RM1) (∂v)λa = −λvλa, vλ(∂a) = (∂ + λ)vλa,
(RM2) vµ[aλb] = (vµa)λ+µb− (vµb)−λ−∂a.
Any right R-module is a left R-module via aλv := −v−λ−∂a and viceversa.
Definition 3.3. A matched pair of Lie conformal algebras is a quadruple (R,Q,⊳λ,⊲λ), where
R and Q are two Lie conformal algebras, R is a left module of Q under ⊲λ : Q⊗R→ R, Q is
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a right module of R under ⊳λ : Q⊗R→ Q and they satisfy
(B1) x⊲
−λ−µ−∂ [aλb] = [(x⊲−λ−∂ a)−µ−∂b] + [aλ(x⊲−µ−∂ b)]
+(x⊳
−λ−∂ a)⊲−µ−∂ b− (x⊳−µ−∂ b)⊲−λ−∂ a,
(B2) {xµy}⊳−λ−∂ a = {xµ(y ⊳−λ−∂ a)}+ {(x⊳−λ−∂ a)λ+µy}
+x⊳µ (y ⊲−λ−∂ a)− y ⊳−λ−µ−∂ (x⊲−λ−∂ a),
for any a, b ∈ R, x, y ∈ Q.
Denote any element in R⊕Q by a⊕ x for any a ∈ R and x ∈ Q.
Definition 3.4. (see Theorem 3.2 in [11]) Suppose that (R,Q,⊳λ,⊲λ) is a matched pair of R
and Q. Then the direct sum of C[∂]-modules R ⊕ Q is a Lie conformal algebra endowed the
λ-bracket as follows:
[(a⊕ x)λ(b⊕ y)] = ([aλb] + x⊲λ b− y ⊲−λ−∂ a)⊕ ({xλy}+ x⊳λ b− y ⊳−λ−∂ a), (3)
for any a, b ∈ R, x, y ∈ Q. This Lie conformal algebra is called the bicrossed product of R and
Q, and is denoted by R ⊲⊳⊳,⊲ Q.
Note that in E = R ⊲⊳⊳,⊲ Q, R and Q are two subalgebras of E and R∩Q = {0}. Therefore,
Q is a complement of R in E. Conversely, according to Proposition 5.7 in [12], we have the
following result.
Proposition 3.5. Let R and E be two Lie conformal algebras and R ⊆ E. Set Q be a com-
plement of R in E. Then E is isomorphic to a bicrossed product R ⊲⊳⊳,⊲ Q of Lie conformal
algebras R and Q associated to a matched pair (R,Q,⊳λ,⊲λ).
Definition 3.6. Suppose that (R,Q,⊳λ,⊲λ) is a matched pair of Lie conformal algebras. If a
C[∂]-module homomorphism ϕ : Q→ R satisfies
ϕ([xλy])− [ϕ(x)λϕ(y)] = ϕ(y ⊳−λ−∂ ϕ(x))− ϕ(x⊳λ ϕ(y)) + x⊲λ ϕ(y)− y ⊲−λ−∂ ϕ(x), (4)
for any x, y ∈ Q, then ϕ is called a deformation map of (R,Q,⊳λ,⊲λ).
Remark 3.7. Suppose that Q is an ideal of E. Then ⊲λ is trivial in the associated matched
pair. We simply denote this matched pair by (R,Q,⊳λ). In this case, any deformation map ϕ
satisfies
ϕ([xλy])− [ϕ(x)λϕ(y)] = ϕ(y ⊳−λ−∂ ϕ(x))− ϕ(x⊳λ ϕ(y)), for any x, y ∈ Q. (5)
Note that if ⊳λ and ⊲λ are trivial in the matched pair (R,Q,⊳λ,⊲λ), all deformation maps
are homomorphisms of Lie conformal algebra.
We also denote the set of all deformation maps of (R,Q,⊳λ,⊲λ) by DM(Q,R | (⊳λ,⊲λ)).
Lemma 3.8. Let R and E be two Lie conformal algebras, R ⊂ E, and Q be a given complement
of R in E. Suppose ϕ : Q→ R is a deformation map of the matched pair (R,Q,⊳λ,⊲λ).
(1) Set fϕ : Q→ E = R⊕Q be a C[∂]-module homomorphism defined as follows:
fϕ(x) = ϕ(x)⊕ x, for any x ∈ Q.
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Then Q = Im(fϕ) is a complement of R in E.
(2) Set Qϕ = Q as a C[∂]-module. Then Qϕ is a Lie conformal algebra with the following
λ-bracket
[xλy]ϕ := [xλy] + x⊳λ ϕ(y) − y ⊳−λ−∂ ϕ(x), for any x, y ∈ Q. (6)
Qϕ is called the ϕ-deformation of Q. Moreover, as Lie conformal algebras, Qϕ ∼= Q.
Proof. (1) Obviously, E = Q⊕ R where the sum is the direct sum of C[∂]-modules. Therefore,
we only need to prove that Q is a Lie conformal subalgebra. For any x, y ∈ Q,
[(ϕ(x) ⊕ x)λ(ϕ(y)⊕ y)]
= ([ϕ(x)λϕ(y)] + x⊲λ ϕ(y)− y ⊲−λ−∂ ϕ(x)) ⊕ ([xλy] + x⊳λ ϕ(y) − y ⊳−λ−∂ ϕ(x))
= (ϕ([xλy] + x⊳λ ϕ(y) − y ⊳−λ−∂ ϕ(x))) ⊕ ([xλy] + x⊳λ ϕ(y)− y ⊳−λ−∂ ϕ(x)).
Therefore, Q is a Lie conformal subalgebra of E. Then we finish the proof.
(2) Define a C[∂]-module homomorphism gϕ : Qϕ → Q as gϕ(x) = ϕ(x) ⊕ x for any x ∈ Qϕ.
Obviously, it is a C[∂]-isomorphism. For proving (2), it is enough to show that gϕ is a Lie
conformal algebra homomorphism. For any x, y ∈ Q,
gϕ([xλy]ϕ) = gϕ([xλy] + x⊳λ ϕ(y)− y ⊳−λ−∂ ϕ(x))
= (ϕ([xλy]) + ϕ(x⊳λ ϕ(y)) − ϕ(y ⊳−λ−∂ ϕ(x)))
⊕([xλy] + x⊳λ ϕ(y)− y ⊳−λ−∂ ϕ(x))
= ([ϕ(x)λϕ(y)] + x⊲λ ϕ(y)− y ⊲−λ−∂ ϕ(x))
⊕([xλy] + x⊳λ ϕ(y)− y ⊳−λ−∂ ϕ(x))
= [(ϕ(x) ⊕ x)λ(ϕ(y) ⊕ y)]
= [gϕ(x)λgϕ(y)].
Therefore, gϕ is a Lie conformal algebra homomorphism and the result holds. 
Remark 3.9. Note that when Q is an ideal of E, by (5) , the deformation map ϕ : Q → R
satisfies ϕ([xλy]ϕ) = [ϕ(x)λϕ(y)] for any x, y ∈ Q.
Theorem 3.10. Let R and E be two Lie conformal algebras, R ⊆ E, Q be a complement of
R in E associated with the matched pair of Lie conformal algebras (R,Q,⊳λ,⊲λ). Then Q is
a complement of R in E if and only if there exists a deformation map ϕ : Q → R such that
Q ∼= Qϕ.
Proof. Suppose that Q is a complement of R in E. Then E = R⊕Q = R⊕Q as C[∂]-modules.
For any x ∈ Q, set x = u(x) ⊕ v(x) where u : Q → R and v : Q → Q are C[∂]-module
homomorphisms. Since the sum of E = R ⊕ Q is the direct sum as C[∂]-modules, it is easy to
see that v is injective. Similarly, for any y ∈ Q, set y = f(y) ⊕ g(y) where f : Q → R and
g : Q → Q are C[∂]-module homomorphisms. Since g(y) = u(g(y)) ⊕ v(g(y)) = −f(y) ⊕ y,
vg = IdQ. So, v is also surjective. Therefore, v : Q→ Q is a C[∂]-module isomorphism.
Define v : Q→ Q →֒ E = R ⊲⊳⊳,⊲ Q, as follows:
v(x) = v(x) = −u(x)⊕ x, for any x ∈ Q.
6 YANYONG HONG
By Lemma 3.8, for proving this theorem, we only need to show that −u : Q→ R is a deformation
map. This can be directly obtained with a similar computation as that in (1) of Lemma 3.8
according to that Q = Im(v) is a Lie conformal subalgebra of E.
Now the proof is finished. 
Definition 3.11. Let (R,Q,⊳λ,⊲λ) be a matched pair of Lie conformal algebras. For two
deformation maps ϕ, φ : Q → R, if there exists a C[∂]-module isomorphism α : Q → Q such
that for any x, y ∈ Q,
α([xλy])− [α(x)λα(y)]
= α(x) ⊳λ φ(α(y)) − α(x⊳λ ϕ(y)) − α(y)⊳−λ−∂ φ(α(x)) + α(y ⊳−λ−∂ ϕ(x)), (7)
then ϕ and φ are called equivalent and denote this by ϕ ≡ φ.
Theorem 3.12. Let R and E be two Lie conformal algebras, R ⊆ E, and Q be a complement
of R in E associated with the matched pair of Lie conformal algebras (R,Q,⊳λ,⊲λ). Then ≡ is
an equivalence relation on DM(Q,R | (⊳λ,⊲λ)) and the map
HL
2(Q,R | (⊳λ,⊲λ)) := DM(Q,R | (⊳λ,⊲λ))/ ≡→ F(R,E), ϕ→ Qϕ,
is a bijection between HL2(Q,R | (⊳λ,⊲λ)) and the isomorphism classes of complements of R
in E.
Proof. It is easy to see that Qφ ∼= Qϕ if and only if φ and ϕ are equivalent. Then this theorem
follows by Theorem 3.10. 
Remark 3.13. By Theorem 3.12, [E : R] =| HL2(Q,R | (⊳λ,⊲λ)) |. Moreover, with the
condition in Theorem 3.12, when R is an ideal of E, it is easy to see that [E : R] = 1, i.e. all
complements of R in E are isomorphic to Q.
Remark 3.14. According to the characterization of free rank one Lie conformal algebras in [14],
any free rank one Lie conformal algebra is either abelian or isomorphic to Virasoro conformal
algebra. Therefore, with the condition in Theorem 3.12, when Q is a free C[∂]-module of rank
one, [E : R] ≤ 2.
Example 3.15. Let W(a, b) = C[∂]L ⊕ C[∂]W be the Lie conformal algebra with λ-brackets
given by
[LλL] = (∂ + 2λ)L, [LλW ] = (∂ + aλ+ b)W, [WλW ] = 0, (8)
for some a, b ∈ C. Set R = C[∂]L and Q = C[∂]W be the subalgebras of W(a, b). Obviously, the
abelian subalgebra Q is a complement of R in W(a, b). Moreover, W(a, b) = R ⊲⊳⊳,⊲ Q with ⊲λ
trivial and ⊳λ satisfying W ⊳λ L = ((a− 1)∂ + aλ− b)W .
Let ϕ : Q → R be a deformation map. Assume that ϕ(W ) = f(∂)L for some f(∂) ∈ C[∂].
Setting x =W and y =W in (5) and comparing the coefficients of L, we can get
−f(−λ)f(λ+ ∂)(∂ + 2λ) = f(∂)(−f(−λ)(∂ + aλ+ b)− f(λ+ ∂)((a− 1)∂ + aλ− b)). (9)
By comparing the coefficients of λ in (9), we can get f(∂) = α for some α ∈ C. Taking it into
(9), one can get that f(∂) = 0 if a 6= 1, and f(∂) = α if a = 1. When a = 1, the corresponding
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Lie conformal algebra Qα = Qϕ = C[∂]W is as follows:
[WλW ] =W ⊳λ ϕ(W )−W ⊳−λ−∂ ϕ(W ) = α(∂ + 2λ)W. (10)
Note that Q0 is abelian and Qα ∼= V ir when α 6= 0. Therefore, by the discussion above, we can
easily get that [W(a, b) : R] = 1 when a 6= 1 and [W(1, b) : R] = 2.
Then we generalize Example 3.15 as follows.
Example 3.16. Let E = C[∂]L
⊕
⊕ni=1C[∂]Wi be the Lie conformal algebra with λ-brackets as
follows:
[LλL] = (∂ + 2λ)L, [LλWi] = (∂ + λ+ b)Wi, [WiλWj] = 0, (11)
for any i, j ∈ {1, · · · , n} and b ∈ C. Let R = C[∂]L and Q = ⊕ni=1C[∂]Wi be two subalgebras
of E. Obviously, Q is a complement of R in E and E = R ⊲⊳⊳,⊲ Q with ⊲λ trivial and ⊳λ
satisfying Wi ⊳λ L = (λ− b)W . For any deformation map ϕ : Q→ R, set ϕ(Wi) = fi(∂)L for
any i ∈ {1, · · · , n}. Setting x =Wi and y =Wj in (5), we can get
−fi(−λ)fj(λ+ ∂)(∂ + 2λ) = −fi(−λ)fi(∂)(∂ + λ+ b)− fi(∂)fj(λ+ ∂)(λ − b). (12)
Setting i = j in (12) and by the result of Example 3.15, we get fi(∂) = αi for any i ∈ {1, · · · , n}
and αi ∈ C. Then it is easy to see that (12) naturally holds. The λ-bracket on the ϕ-deformation
of Q is described as follows:
[WiλWj ] = αj(λ− b)Wi + αi(∂ + λ+ b)Wj , for any i, j ∈ {1, · · · , n}. (13)
Note that when αi 6= 0, C[∂]Wi is isomorphic to the Virasoro conformal algebra. According to
the number of Virasoro conformal algebra such as C[∂]Wi and classification result of semisimple
Lie conformal algebras in [8], we can get [E : R] = n.
Example 3.17. Let S˜V = C[∂]L⊕C[∂]Y ⊕C[∂]M⊕C[∂]N be the extended Schro¨dinger-Virasoro
Lie conformal algebra introduced in [19] with λ-brackets given by
[LλL] = (∂ + 2λ)L, [LλY ] = (∂ +
3
2
λ)Y,
[LλM ] = (∂ + λ)M, [YλY ] = (∂ + 2λ)M,
[LλN ] = (∂ + λ)N, [MλN ] = −2M,
[YλN ] = −Y, [YλM ] = [MλM ] = [NλN ] = 0.
Let R = C[∂]L ⊕ C[∂]N and Q = C[∂]Y ⊕ C[∂]M be two subalgebras of S˜V . Moreover, S˜V =
R ⊲⊳⊳,⊲ Q with ⊲λ trivial and ⊳λ satisfying M ⊳λ L = λM , Y ⊳λ L = (
1
2
∂ + 3
2
λ)Y , M ⊳λ N =
−2M and Y ⊳λ N = −Y .
Let ϕ : Q→ R be a deformation map. Set ϕ(Y ) = f(∂)L+g(∂)N and ϕ(M) = h(∂)L+k(∂)N
for some f(∂), g(∂), h(∂) and k(∂) ∈ C[∂]. Setting (x, y) in (5) be (Y, Y ), (Y,M) and (M,M)
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respectively and comparing the coefficients of L and N , we can obtain
(∂ + 2λ)h(∂) − f(−λ)f(λ+ ∂)(∂ + 2λ) = f(∂)(−f(−λ)(∂ +
3
2
λ)− g(−λ)) (14)
+f(∂)(−f(λ+ ∂)(
1
2
∂ +
3
2
λ) + g(λ + ∂)),
(∂ + 2λ)k(∂) − f(−λ)g(λ+ ∂)(∂ + λ)− λg(−λ)f(λ+ ∂) = g(∂)(−f(−λ)(∂ +
3
2
λ))(15)
+g(∂)(−g(−λ) − f(λ+ ∂)(
1
2
∂ +
3
2
λ) + g(λ+ ∂)),
−f(−λ)h(λ+ ∂)(∂ + 2λ) = −(f(−λ)(∂ + λ) + 2g(−λ))h(∂) (16)
−(h(λ+ ∂)(
1
2
∂ +
3
2
λ)− k(λ+ ∂))f(∂),
−f(−λ)k(λ+ ∂)(∂ + λ)− g(−λ)h(λ + ∂)λ = −(f(−λ)(∂ + λ) + 2g(−λ))k(∂) (17)
−(h(λ+ ∂)(
1
2
∂ +
3
2
λ)− k(λ+ ∂))g(∂),
−h(−λ)h(λ+ ∂)(∂ + 2λ) = h(∂)(−(∂ + λ)h(−λ)− 2k(−λ)) (18)
+h(∂)(−h(λ + ∂)λ+ 2k(λ+ ∂)),
−h(−λ)k(λ+ ∂)(∂ + λ)− k(−λ)h(λ + ∂)λ = k(∂)(−(∂ + λ)h(−λ) − 2k(−λ)) (19)
+k(∂)(−h(λ + ∂)λ+ 2k(λ+ ∂)).
Setting λ = 0 in (19), we can get 2k(∂)(k(∂) − k(0)) = 0. Therefore, k(∂) = d for some d ∈ C.
Taking it into (18) and comparing the degree of λ, one can obtain that h(∂) = c for some c ∈ C.
Then (18) and (19) naturally hold.
If c 6= 0, by (16), we can get
−f(−λ)λ = −2g(−λ)− (
1
2
∂ +
3
2
λ)f(∂) +
d
c
f(∂). (20)
By comparing the degree of ∂ in (20), one can obtain that f(∂) = g(∂) = 0, which contradicts with
(14). Therefore, c = 0. It follows from (16) and (17) that df(∂) = 0 and d(g(∂)− 2g(−λ)) = 0.
Therefore, if d 6= 0, then f(∂) = g(∂) = 0, which contradicts with (15). Thus, d = 0. Then
setting λ = 0 in (15) yields g(∂)(g(∂)− 1
2
f(∂)∂ − g(0)) = 0. If g(∂) 6= 0, g(∂) = 1
2
f(∂)∂ + g(0).
Taking it into (15) and by some computation, we can get
f(−λ)f(λ+ ∂)(∂2 + 2λ∂) = λ∂f(∂)f(λ+ ∂) + λ∂f(∂)f(−λ) + ∂2f(∂)f(−λ). (21)
Therefore, it follows that f(∂) = a for some a ∈ C by comparing the degree of λ in (21).
Consequently, g(∂) = 1
2
a∂ + b for some b ∈ C. Then (14) naturally holds. If g(∂) = 0, it
can be obtained from (14) that f(∂) = 0. By the discussion above, in this case, we get that
h(∂) = k(∂) = 0, f(∂) = a and g(∂) = 1
2
a∂ + b for some a, b ∈ C. Denote the corresponding
deformation map by ϕa,b.
The ϕa,b-deformation Qϕa,b of Q can be described as follows:
[YλY ]ϕa,b = (∂ + 2λ)M + a(∂ + 2λ)Y, (22)
[YλM ]ϕa,b = (a∂ + 2b)M, [MλM ]ϕa,b = 0. (23)
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Suppose a 6= 0. Note that Qϕa,b is isomorphic to Q˜c = C[∂]Y ⊕ C[∂]M with the following
λ-brackets
[YλY ] = (∂ + 2λ)Y + (∂ + 2λ)M, (24)
[YλM ] = (∂ + 2c)M, [MλM ]ϕa,b = 0, (25)
through the isomorphism φ : Qϕa,b → Q˜c given by φ(Y ) =
1
a
Y and φ(M) = 1
a2
M where c = b
a
.
Then it is easy to see that for any c1 6= c2, Q˜c1 is not isomorphic to Q˜c2.
When a = 0, it is easy to see that ϕ0,b ≡ ϕ0,1 for all b 6= 0 and ϕ0,1 is not equivalent to ϕ0,0.
Note that when a 6= 0, Qϕa,b is not solvable and Qϕ0,b is solvable. Therefore, Qϕa,b is not
isomorphic to Qϕ0,1 and Qϕ0,0 . By the discussion above, the set F(R,E) can be described as
Qϕ0,1 , Qϕ0,0 and Q˜c for all c ∈ C. Consequently, [E : R] =∞.
4. Classifying complements for associative conformal algebras
In this section, we apply the method developed in Section 3 to the case of associative conformal
algebras.
First ,we introduce the definitions of modules over associative conformal algebras.
Definition 4.1. A left module M over an associative conformal algebra A is a C[∂]-module
endowed with a C-bilinear map A ×M −→ M [λ], (a, v) 7→ a ⇀λ v, satisfying the following
axioms (a, b ∈ A, v ∈M):
(LM1) (∂a) ⇀λ v = −λa ⇀λ v, a ⇀λ (∂v) = (∂ + λ)a ⇀λ v,
(LM2) (aλb)⇀λ+µ v = a ⇀λ (b ⇀µ v).
We also denote it by (M,⇀λ).
A right moduleM over an associative conformal algebra A is a C[∂]-module endowed with a C-
bilinear map M×A −→M [λ], (v, a) 7→ v⊳λa, satisfying the following axioms (a, b ∈ A, v ∈M):
(RM1) (∂v) ⊳λ a = −λv ⊳λ a, v ⊳λ (∂a) = (∂ + λ)v ⊳λ a,
(RM2) (v ⊳λ a)λ+µb = v ⊳λ (aµb).
Usually, we denote it by (M,⊳λ).
An A-bimodule is (M,⇀λ, ⊳λ) such that (M,⇀λ) is a left A-module, (M,⊳λ) is a right
A-module, and they satisfy the following condition
(a ⇀λ v)⊳λ+µ b = a ⇀λ (v ⊳µ b), (26)
where a, b ∈ A and v ∈M .
Definition 4.2. Let A and Q be two associative conformal algebras. A matched pair of A and
Q is of the form (A,Q,⊳λ,⊲λ,↼λ,⇀λ), where (Q,⇀λ,⊳λ) is an A-bimodule, (A,⊲λ,↼λ) is a
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Q-bimodule, and the following compatibility conditions hold for all a, b ∈ A, x, y ∈ Q:
(aλb)↼λ+µ x = aλ(b ↼µ x) + a ↼λ (b ⇀µ x), (27)
aλ(x⊲µ b) + a ↼λ (x⊳µ b) = (a ↼λ x)λ+µb+ (a ⇀λ x)⊲λ+µ b, (28)
x⊲λ (aµb) = (x⊲λ a)λ+µb+ (x⊳λ a)⊲λ+µ b, (29)
a ⇀λ (xµy) = (a ⇀λ x)λ+µy + (a ↼λ x) ⇀λ+µ y, (30)
x⊳λ (a ↼µ y) + xλ(a ⇀µ y) = (x⊲λ a) ⇀λ+µ y + (x⊳λ a)λ+µy, (31)
x⊳λ (y ⊲µ a) + xλ(y ⊳µ a) = (xλy)⊳λ+µ a. (32)
Definition 4.3. (see Theorem 3.2 in [9]) Let (A,Q,⊳λ,⊲λ,↼λ,⇀λ) be a matched pair of
associative conformal algebras. Then the direct sum A ⊕ Q of C[∂]-modules is an associative
conformal algebra with the following λ-product
(a⊕ x)λ(b⊕ y) = (aλb+ a ↼λ y + x⊲λ b)⊕ (a ⇀λ y + x⊳λ b+ xλy), (33)
for all a, b ∈ A and x, y ∈ Q. This associative conformal algebra is called the bicrossed product
of A and Q and we denote it by A ⊲⊳ Q.
Proposition 4.4. (see Proposition 4.4 in [9]) Let A and E be two associative conformal algebras
and A ⊆ E. Set Q be a complement of A in E. Then E is isomorphic to a bicrossed product
A ⊲⊳ Q of associative conformal algebras associated to a matched pair (A,Q,⊳λ,⊲λ,↼λ,⇀λ).
Definition 4.5. Let (A,Q,⊳λ,⊲λ,↼λ,⇀λ) be a matched pair of associative conformal algebras.
If a C[∂]-module homomorphism ϕ : Q→ A satisfies
ϕ(xλy)− ϕ(x)λϕ(y) = ϕ(x) ↼λ y + x⊲λ ϕ(y)− ϕ(ϕ(x) ⇀λ y)− ϕ(x⊳λ ϕ(y)), (34)
for any x, y ∈ Q, then ϕ is called a deformation map of (A,Q,⊳λ,⊲λ,↼λ,⇀λ).
Denote the set of all deformation maps of (A,Q,⊳λ,⊲λ,↼λ,⇀λ) by DM(Q,A | (⊳λ,⊲λ,↼λ
,⇀λ)).
Lemma 4.6. Let A and E be two associative conformal algebras, A ⊂ E, and Q be a given
complement of A in E. Suppose ϕ : Q → A is a deformation map of the matched pair
(A,Q,⊳λ,⊲λ,↼λ,⇀λ).
(1) Set fϕ : Q→ E = A⊕Q be a C[∂]-module homomorphism defined as follows:
fϕ(x) = ϕ(x)⊕ x, for any x ∈ Q.
Then Q = Im(fϕ) is a complement of A in E.
(2) Set Qϕ = Q as a C[∂]-module. Then Qϕ is an associative conformal algebra with the following
λ-product
xλyϕ := xλy + x⊳λ ϕ(y) + ϕ(x) ⇀λ y, for any x, y ∈ Q. (35)
Qϕ is called the ϕ-deformation of Q. Moreover, as associative conformal algebras, Qϕ ∼= Q.
Proof. The proof is similar to that in Lemma 3.8. 
CLASSIFYING COMPLEMENTS FOR CONFORMAL ALGEBRAS 11
Theorem 4.7. Let A and E be two associative conformal algebras, A ⊆ E, Q be a complement of
A in E associated with the matched pair of associative conformal algebras (A,Q,⊳λ,⊲λ,↼λ,⇀λ
). Then Q is a complement of A in E if and only if there exists a deformation map ϕ : Q→ A
such that Q ∼= Qϕ.
Proof. The proof is similar to that in Theorem 3.10. 
Definition 4.8. Let (A,Q,⊳λ,⊲λ,↼λ,⇀λ) be a matched pair of associative conformal algebras.
For two deformation maps ϕ, φ : Q→ A, if there exists a C[∂]-module isomorphism α : Q→ Q
such that for any x, y ∈ Q,
α(xλy)− α(x)λα(y)
= α(x)⊳λ φ(α(y)) − α(x⊳λ ϕ(y)) + φ(α(x)) ⇀λ α(y)− α(ϕ(x) ⇀λ y), (36)
then ϕ and φ are called equivalent and denote this by φ ≡ φ.
Theorem 4.9. Let A and E be two associative conformal algebras, A ⊆ E, and Q be a comple-
ment of A in E associated with the matched pair of associative conformal algebras (A,Q,⊳λ,⊲λ,↼λ
,⇀λ). Then ≡ is an equivalence relation on DM(Q,A | (⊳λ,⊲λ,↼λ,⇀λ)) and the map
HA
2(Q,A | (⊳λ,⊲λ,↼λ,⇀λ)) := DM(Q,A | (⊳λ,⊲λ,↼λ,⇀λ))/ ≡→ F(A,E), ϕ→ Qϕ,
is a bijection between HA2(Q,A | (⊳λ,⊲λ,↼λ,⇀λ)) and the isomorphism classes of comple-
ments of A in E.
Proof. It is similar to that in Theorem 3.12. 
Remark 4.10. By Theorem 4.9, [E : A] =| HA2(Q,A | (⊳λ,⊲λ,↼λ,⇀λ)) |. Moreover, with
the condition in Theorem 4.9, when A is an ideal of E, it is easy to see that [E : A] = 1, i.e. all
complements of A in E are isomorphic to Q.
Example 4.11. Let E = C[∂]e1 ⊕C[∂]e2 ⊕C[∂]e3 ⊕C[∂]e4 be an associative conformal algebra
with the following nontrivial λ-products as follows:
e1λe2 = e1, e2λe2 = e2, e2λe3 = e3, e2λe4 = e4. (37)
Set A = C[∂]e1 ⊕C[∂]e2 and Q = C[∂]e3 ⊕C[∂]e4 be two subalgebras of E. It is easy to see that
E is the bicrossed product of A and Q with ⊳λ, ⊲λ and ↼λ trivial and ⇀λ satisfying
e1 ⇀λ e3 = e1 ⇀λ e4 = 0, e2 ⇀λ e3 = e3, e2 ⇀λ e4 = e4.
For any deformation map ϕ : Q→ A, by the definition of deformation map and some computa-
tions, it is easy to see that ϕ is of the following form:
(1) ϕ(e3) = f(∂)e1, ϕ(e4) = h(∂)e1 for some f(∂), g(∂) ∈ C[∂];
(2) ϕ(e3) = 0, ϕ(e4) = ae1 + be2 where a ∈ C, b ∈ C \ {0};
(3) ϕ(e3) = ce1 + de2, ϕ(e4) = 0 where c ∈ C, d ∈ C \ {0};
(4) ϕ(e3) = ae1 + be2, ϕ(e4) = ce1 + de2 where a, b, c, d ∈ C \ {0} and ad = bc.
Note that the ϕ-deformation of Q corresponding to (1) is just Q. The ϕ-deformation Qb of
Q corresponding to (2) can be described as follows:
e3λe3 = 0, e3λe4 = 0, e4λe3 = be3, e4λe4 = be4,
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where b ∈ C \ {0}. Similarly, the λ-products of the ϕ-deformation Qd of Q corresponding to (3)
are as follows:
e3λe3 = de3, e3λe4 = de4, e4λe3 = 0, e4λe4 = 0,
where d ∈ C\{0}. The ϕ-deformation Qb,d of Q corresponding to (4) can be described as follows:
e3λe3 = be3, e3λe4 = be4, e4λe3 = de3, e4λe4 = de4,
where b, d ∈ C \ {0}. Obviously, Qb ∼= Qd
∼= Q1 and Qb,d ∼= Q1,1. Moreover, Q, Q1 and Q1,1 are
not isomorphic to each other. Therefore, the set F(A,E) can be descried as Q, Q1 and Q1,1.
Consequently, [E : A] = 3.
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